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THE SECOND DUAL VARIETY OF
RATIONAL CONIC BUNDLES
ELENA CHIERICI
The second dual variety of a Segre-Hirzebruch surface linearly normallyembedded in a projective space as a 2-regular rational conic bundle is studiedby relating it to the classical dual variety of another linearly normal embed-ding of the underlying surface. These varieties are shown to be birational, andan upper bound on the dimensions of their singular loci is given.
Introduction.
Higher order dual varieties of projective manifolds have been studiedin the last decades by many authors (Piene, Tai, Sacchiero, Shifrin), withspecial regard to some classes of manifolds, e.g. scrolls, whose osculatorybehaviour is somehow pathological. More recently, thanks to the notions of k-jet spannedness and k-jet ampleness introduced by Beltrametti and Sommese[1], Lanteri and Mallavibarrena obtained some results on the physiology ofhigher order dual varieties of smooth projective manifolds and surfaces [6], [7].However, a general theory is still far from being complete.For this reason there is some interest in investigating particular classes ofsurfaces which satisfy all the hypothesis that make their osculatory behaviour
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as good as possible; in this paper we describe the second dual variety of rationalconic bundles, more precisely of Segre-Hirzebruch surfaces Fe embedded by a2-jet spanned line bundle L such that L f = OP1 (2) for every �bre f .The main tool in our study is the relationship between the second dualvariety and the classical dual variety of another embedding of Fe : the onegiven by L − f ; actually, we show that the two varieties are birational (Prop.2.1) providing a geometric interpretation of this fact. Moreover, focusing onthe singular loci of these varieties, we obtain some upper bounds for theirdimensions (Thm. 3.3); there a key role is played by the varieties parameterizingcurves in a linear system having a given number of ordinary double points,sometimes called Severi varieties.The paper is organized as follows: in Section 1 we recall some backgroundmaterial about higher order dual varieties, Segre-Hirzebruch surfaces and Severivarieties; in Section 2 we prove the birationality of the two dual varieties of Fe ,while in Section 3 we describe their singular loci.
This paper grew out of a part of the authors tesi di laurea at theDepartment of Mathematics of the University of Milan. During the preparationof this work the author has been supported by the project Giovani Ricercatori2000 of the University of Milan. I would like to thank professor AntonioLanteri for introducing me to algebraic geometry, and for all his precious andpatient support.
1. Background material.
We use standard notation from algebraic geometry. All varieties are de�nedover the complex number �eld. Tensor products of line bundles are writtenadditively. Moreover, we do not distinguish between a vector bundle and thecorresponding locally free sheaf.
Let X ⊂ PN = P(V ) be a smooth variety of dimension n ≥ 2 and setL := OX (1); then V can be identi�ed with the vector subspace of H 0(X, L)giving rise to the embedding in PN . We denote by |V | the linear systemassociated with V . Let Jk L be the k-th jet bundle of L; for every integer k ≥ 1we consider the bundle homomorphism jk : V⊗OX → Jk L , associating to eachsection s ∈ V ⊆ H 0(X, L) its k-th jet jk(s). We set σk + 1 = maxx∈X {rk( jk,x )},and consider the dense open subsetU ⊂ X where rk( jk,x ) = σk + 1. For everyx ∈U, one can de�ne the k-th osculating space to X at x as
Osckx (X ) = P(Im jk,x ) � Pσk ;
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we say that a hyperplane H ⊂ PN is k-osculating to X at x if H containsOsckx (X ).Thus H is a k-osculating hyperplane to X at a point x ∈ U if and onlyif it corresponds to a section s ∈ |V | such that jk,x (s) = 0, i.e. s and all itsderivatives up to order k vanish at x ; equivalently, H is k-osculating at x if andonly if the hyperplane section H ∩ X has a singular point of order ≥ k+1 at x .
De�nition 1.1. The k-th dual variety X∨k of X is the closure in PN∨ = P(V ∨) =
|V | of the set of k-osculating hyperplanes to X at the points x ∈U, i.e.
X∨k = {H ∈ PN |H ⊇ Osckx (X ), x ∈U}.
Note that X∨k is only de�ned when Osckx (X ) �= P for the general x ∈ X .This automatically rules out the Veronese manifolds (X, L) = (PN ,OPN (k)),since for such manifolds Osckx (X ) = PN for all x ∈ X ; on the other hand, thereexist no more varieties with this property (see [4]).
De�nition 1.2. Let X be a smooth n-fold and L a very ample line bundle onX . For any positive integer k we say that
(i) L is k-jet spanned w.r.t. V if the homomorphism
jk,x : V −→ �(L ⊗ (OX/mk+1x ))
is surjective for every x ∈ X ;
(ii) the pair (X, V ) is k-regular if L is k-jet spanned w.r.t. V and the map
ϕ|V | is an embedding. We say in particular that (X, L) is k-regular ifV = H 0(X, L).
If (X, V ) is k-regular, then dim Im jk,x =
� k + nn
�
for every x ∈ X .
Let Kk be the dual of the kernel of the vector bundle surjection X × V −→Jk L; then X∨k coincides with the image of P(Kk ) via the second projectionq : X × |V | → |V |, as is shown in the following diagram:
X × |V |
q
��
⊃ P(Kk)
πk=q|P(Kk )
��
|V | ⊃ X∨k .
Since dimP(Kk ) = dim X + dim V − dim Im jk,x − 1, we have
dim X∨k ≤ dimP(Kk ) = n + N −
� k + nn
�
=: expdim X∨k .
102 ELENA CHIERICI
X∨k is said to be degenerate if dim X∨k < expdim X∨k , i.e. if πk is notgenerically �nite.
As to surfaces, i.e. n = 2, we know the following fact:
Theorem 1.3. ([7], Cor. 1.2) Let (S, V ) be a k-regular surface for some k ≥ 1,and assume that (S, V ) �= (P2,OP2 (k)). Then the k�-th dual variety S∨k� of S isnondegenerate for every k� ≤ k.
Let Fe be the Segre-Hirzebruch surface of invariant e, let f be a �bre andlet C0 be a section of minimal self-intersection C20 = −e on Fe . We brie�yrecall some useful results about this class of surfaces. For all results we needon linear systems on Fe we refer to [5], except for the following two lemmas,whose proof is not dif�cult (see [2], Section 1.4):
Lemma 1.4. Let L be an ample line bundle on Fe . Then h1(L) = h2(L) = 0.
Lemma 1.5. Let L = [aC0 + b f ] be a line bundle on Fe such that a ≥ −1,b ≥ ae. Then h1(L) = 0.
Proposition 1.6. ([6], Rem. 2.2) Let L = [aC0 + bf ] be a line bundle on Fe .Then the following conditions are equivalent:
(i) (Fe, L) is k-regular,
(ii) a ≥ k, b ≥ k + ae.
We also recall the following fact:
Proposition 1.7. ([6], Prop. 2.6) If (Fe, L) is k-regular, then the morphism πkis birational.
Let σ : Y −→ Fe be the blow-up of Fe at a point p; we denote with fp the�ber of Fe through p, and with fˆp its proper transform on Y . By well-knownproperties of blow-ups, if E is the exceptional curve introduced by σ , we have
0 = (σ ∗ fp )2 = ( fˆp + E)2 = fˆ 2p + 1,
so fˆp too is an exceptional curve on Y . If τ : Y −→ Z is the map whichcontracts fˆp to a point, we obtain a birational transformation
ep = τ ◦ σ−1 : Fe ����� Z
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which is called elementary transformation centered at p. Z is a rational ruledsurface (see [9]), whose isomorphism class depends only on the position of thecenter of the transformation with respect to the fundamental section C0 ; namely
Z =
�
Fe+1 if p ∈C0
Fe−1 if p /∈ C0 .
De�nition 1.8. Let S be a projective algebraic surface, |D| a basepoint freelinear system on S . For each integer δ ≥ 0 we de�ne the Severi variety V|D|,δto be the locally closed subscheme of |D| which parameterizes the irreduciblecurves in |D| having exactly δ ordinary double points as singularities.
We recall an important result of Chiantini and Sernesi [3 Thm. 1.1 andRem. 1.2] about the dimension and smoothness of the Severi varieties of ruledsurfaces, which generalizes the classical result of Severi for plane curves:
Theorem 1.9. Let S be a ruled surface, and C ⊂ S an irreducible curve withKSC < 0 and such that the linear system |C| is basepoint free. If V|C|,δ �= ∅for some δ ≤ pa(C), then the Severi variety V|C|,δ is smooth of codimension δin |C|.
2. Relating the second dual variety to a classical dual variety.
Let (S, L) = (Fe, [2C0+bf ]) be a conic bundle over P1 which is 2-regular,i.e. b ≥ 2e + 2 in view of 1.6. Consider the embedding
ϕ|L| : S −→ Ph0(L)−1 := PN ,
where N = 3(b− e)+2. In PN∨ we can consider the second dual variety S∨2 of(S, L): it is the subvariety of PN∨ parameterizing the 2-osculating hyperplanesto S , i.e. the elements H of the linear system |L| such that the section H ∩ Shas at least a singular point of multiplicity ≥ 3 on S . From now on we wontmake any distinction between a hyperplane H ⊂ PN , the corresponding pointin PN∨ and the section cut out by H on S . We will say that H has a singularpoint at p ∈ S if the curve H ∩ S is singular at p.The following observation will be the starting point for our description ofthe second dual variety S∨2 : since H f = 2, if H ∈ |L| is a hyperplane witha singular point p of multiplicity ≥ 3 on S , then H must contain the �ber f pthrough p as a component. If we set R := H − fp ∈ |L − f |, then p must be
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at least a double point for R. The 2-regularity of L implies that the line bundleL− f = [2C0+(b−1) f ] is very ample, so we can consider also the embedding
ϕ|L− f | : Fe −→ Ph0(L− f )−1 = PN−3;
from now on we will denote by � the image of Fe in PN−3 .In this embedding, R corresponds to a point in the dual projective space(PN−3)∨ , and since it has at least a singular point on � it belongs to the �rstdual variety �∨1 ⊂ (PN−3)∨ of � . We can thus consider the rational map
ψ : S∨2 ����� �∨1
associating to the general H ∈ S∨2 the point R = H − fp ∈�∨1 , where p is theosculation point of H , whose uniqueness descends from the birationality of themap π2 : P(K2)→ S∨2 . In order to describe this correspondence, �rst of all weneed to compute the dimensions of S∨2 and �∨1 :
Proposition 2.1. The varieties �∨1 ⊂ (PN−3)∨ and S∨2 ⊂ PN∨ have the samedimension N − 4 and they are birational; moreover, deg �∨1 = 8(b − e) − 12and deg S∨2 = 20(b− e − 1).
Proof. Under the hypothesis that (S, L) is 2-regular, we know from Theo-rem 1.3 that both �∨1 and S∨2 have the expected dimension; so �∨1 is a hy-persurface in (PN−3)∨ and dim S∨2 = N − 4.As the map π2 : P(K2) → S∨2 is birational, the generic hyperplane H hasonly one triple point on S : the map ψ : S∨2 − − → �∨1 is thus de�ned on adense open subsetU ⊆ S∨2 . In the same way, as the contact locus of the generichyperplane R ∈�∨1 consists of a single point, ψ can be inverted on a dense opensubsetV ⊆ �∨1 . The correspondence is not one-to-one betweenU and V: whileit is obvious that V ⊆ ψ(U), one can easily check that V �⊆ ψ(U), consideringfor example a hyperplane cutting on S a section, if it exists, having both a tripleand a double point. Anyway, if we consider the open set U� = ψ−1(V) ⊆ U,we conclude that ψ is one-to-one between U� and V, so it is a birational mapbetween the two dual varieties.To compute the degrees of S∨2 and �∨1 we use [6], Thm. 1.4, and Prop. 1.7above: we have degS∨2 = c2(J2L) = 20(b − e − 1) and deg �∨1 = c2(J1(L −f )) = 8(b − e) − 12. �
LetK2 andK�1 be the duals of the kernels of the vector bundles surjectionsin the exact sequences
0→ K∨2 → H 0(Fe, L)→ J2L → 0
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0→ K�∨1 → H 0(Fe, L − f )→ J1(L − f )→ 0
respectively. Due to the birationality of the maps ψ , π2 and π �1, a birational map
ϕ : P(K2) ����� P(K�1)
is induced, making the following diagram commute:
P(K2) ϕ �����
π2
��
P(K�1)
π �1
��S∨2 ψ ������ �∨1 .
Note that the birationality of P(K2) and P(K�1) is granted a priori. In fact, sincedim S∨2 = dim�∨1 ,K∨2 andK�∨1 have the same rank, we know that the function�elds of P(K2) and P(K�1) are both isomorphic to the function �eld of Fe .The exceptional loci of ψ and ψ−1, which we denote from now on with
�2 ⊂ S∨2 and�1 ⊂ �∨1 , parameterize the hyperplane sections of |L| and |L− f |respectively having more than one singular point (triple for �2, double for �1)lying on different �bers of Fe . In particular, these sets are contained in thesingular loci of S∨2 and �∨1 respectively, which are described in the followingsection.
3. The singular locus.
For the pair (P1 × P1,OP1×P1 (2, 2)), the special features of hyperplanesections having more than a triple point allow to give a detailed description ofthe singular loci of S∨2 and �∨1 . For the details, see [8], Section 5. From now onwe suppose that (S, L) �= (F0, [2C0 + 2 f ]).A point R ∈ (PN−3)∨ is singular for �∨1 if and only if the correspondinghyperplane is tangent to � at more than one point, i.e. the section R ∩ �has more than a single ordinary quadratic singularity on � ; this is the casealso if R ∩ � has one point of multiplicity greater than two on � . In order tocompute the codimension of the irreducible components of maximal dimensionof the singular locus of �∨1 , which may a priori be reducible, we start with thecomputation of the codimension of the space of the singular elements of thelinear system |L − f |; we can observe that, according to the dimension of thislinear system, either all curves with more than one singularity are reducible (asfor example in the case (S, L) = (P1 × P1,OP1×P1 (2, 2))) or the generic one is
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irreducible; in this case it also happens that the generic element in Sing �∨1 hasexactly two ordinary double points as singularities.This statement can be rephrased as follows: whenever the Severi varietyV|L− f |,2 is nonempty, the singular locus of �∨1 contains an open subset whichis isomorphic to it. Actually, the line bundle L − f = [2C0 + (b − 1) f ] on
Fe satis�es the assumptions of Theorem 1.9: the linear system |L − f | is veryample, thus basepoint free, and
(L − f )KS = (2C0 + (b − 1) f )(−2C0 − (e + 2) f ) = 2(e − b − 1) < 0.
Remark. The same technique can be used to describe also the singular locus ofthe second dual variety of the pair (Fe, L), even if we are dealing with points ofmultiplicity three instead of two. In fact, as we have already observed, a sectionH ∈ |L| contains the �bers through its triple points as components, so that anelement of Sing S∨2 can be written in the form H = fp + fq + D, with p,q ∈ S not necessarily distinct, and D an element of |L − 2 f | which is singularat p and q . Moreover, the general D satisfying this condition has only p andq as singularities, so that D determines H uniquely; thus we can state that ifV|L−2 f |,2 is nonempty, then Sing S∨2 contains an open subset isomorphic to it.We observe also that the linear system |L−2 f | is 0-regular, i.e. basepoint free,and that
(L − 2 f )KS = (2C0 + (b − 2) f )(−2C0 − (e + 2) f ) = 2(e − b) < 0,
so that if V|L−2 f |,2 is nonempty we can apply Theorem 1.9 again.Our next step is to look for conditions on the line bundle L in order toguarantee that the Severi varieties V|L− f |,2 and V|L−2 f |,2 are nonempty; for thispurpose we will make use of elementary transformations, as in the proof of thefollowing
Theorem 3.1. Let L = [2C0 + h f ] be a line bundle on Fe such that the linearsystem |L| contains a smooth irreducible curve �. Then the Severi varieties
(a) V|2C0+(h+2) f |,2 on Fe
(b) V|2C0+(h+4) f |,2 on Fe+2
(c) V|2C0+h f |,2 on Fe−2
are nonempty (where C0 and f denote respectively a curve of minimal self-intersection and a generic �ber on the corresponding surface).
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Proof. (a) Let p be a point on Fe lying neither on � nor on the fundamentalsection of Fe , which we will denote from now on with Ce ; consider theelementary transformation ep centered at p.
Y
σ
��
��
��
�� τ
���
��
��
��
�
Fe ep ��������� Fe−1
Let �ˆ be the proper transform of � in Y and set �� := τ (�ˆ); using the samenotations as in Section 1.2, the following relations hold:
σ ∗� = �ˆ,
τ ∗�� = �ˆ + 2 fˆp ,
σ ∗ fp = fˆp + E ,
σ ∗ f = τ ∗ f � for the generic �bers f of Fe and f � of Fe−1.
Moreover, � fp = 2 implies �ˆ fˆp = 2. Since X is linearly equivalent to2Ce+h f on Fe , we can compute the equivalence class of �� in Pic(Fe−1), takinga generic �ber f � and the fundamental section C �e−1 as generators. Writing ��as aC �e−1 + bf � , we get
a = �� f � = (τ ∗��)(τ ∗ f �) = (�ˆ + 2 fˆ p)(τ ∗ f �) = (σ ∗� + 2 fˆ p)(σ ∗ f ) =
= � f = 2,
and
−a2(e − 1)+ 2ab = (��)2 = (�ˆ + 2 fˆp )2 =
= (σ ∗�)2 + 4 fˆ 2p + 4(σ ∗�)(σ ∗ f p − E) =
= �2 − 4+ 4� fp = �2 + 4 = −4e + 4h + 4.
Then it must necessarily be a = 2 and b = h, so that �� belongs to thelinear system 2C �e−1+h f � . It is also important to observe that, since the curve �ˆon Y has exactly two intersectionswith the exceptional curve fˆp , the contractionof fˆp gives rise to an ordinary double point on ��.
Now take p� to be a point on the section C �e−1 of Fe−1, not lying on ��, andconsider the elementary transformation of Fe−1 centered at p� .
Y �
σ �
�� �
��
��
��
τ �
��
��
��
��
��
Fe−1 ep� ��������� Fe
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We denote with f �� the generic �ber on Fe , with �ˆ� the proper transform of ��on Y � and with ��� ∼ αC ��e + β f �� its image via τ �; arguing as before, we get
α = ��� f �� = �� f � = 2,
−α2e + 2αβ = (���)2 = (��)2 + 4 = −4(e − 1)+ 4h + 4,
implying that α = 2 and β = h + 2. These transformations allow us to obtain,starting from a smooth curve � ∈ |2C0 + h f |, a curve ��� in the linear system
|2C ��e + (h + 2) f ��| on Fe which is irreducible and has exactly two ordinarydouble points as singularities.
The proof of (b) and (c) is essentially the same, considering elementarytransformations centered at points lying both on the fundamental sections orboth out of them respectively. �
We �nally need to guarantee that, in the cases we are dealing with,the hypothesis of Theorem 3.1 are satis�ed, i.e., that there exists a smoothirreducible curve � to which we can apply the transformations described inthe proof of the theorem, and from which we can obtain an element of |L − f |or |L − 2 f | on Fe having two ordinary double points.
Theorem 3.2. Let L = [2C0 + bf ] be a line bundle on Fe . Then
(i) V|L− f |,2 �= ∅ f or all b ≥
� e + 4 if e ≤ 2,2e + 1 if e ≥ 3.
(ii) V|L−2 f |,2 �= ∅ f or all b ≥
� e + 5 if e ≤ 2,2e + 2 if e ≥ 3.
Proof. (i) First of all, we observe that we can obtain a curve in |L − f | =
|2C0 + (b − 1) f | on Fe having two ordinary double points starting from threedifferent linear systems on three different surfaces:
2C0 + (b − 3) f on Fe ,
2C0 + (b − 5) f on Fe−2,
2C0 + (b − 1) f on Fe+2.
From [5], Cor. 2.18, we know that the linear system |aC0 + bf | on Fe containsa smooth irreducible curve �, � �= C0 , f if and only if a > 0, b > ae or e > 0,a > 0 and b = ae. Combining these two results, a straightforward calculationshows that we can obtain an element of V|L− f |,2 on Fe if one of the followingconditions holds:
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e ≤ 2, b ≥ e + 4,
e ≥ 3, b ≥ 2e + 1.
(ii) is proved in the same way. �
Under these conditions on the line bundle L , we obtain from Theorem 1.9that
V|L− f |,2 is smooth of codimension 2 in |L − f |;
V|L−2 f |,2 is smooth of codimension 2 in |L − 2 f |.
From the �rst information we can directly state that V|L− f |,2 has codimen-sion 1 in �∨1 , while for the second dual variety S∨2 we need to compute thedimension of the linear system |L − 2 f | = |2C0 + (b − 2) f |.For this purpose write b as b = 2e+2+ r , with r ≥ 0; in our assumptionsit cannot be e = r = 0. If r ≥ 1, the line bundle 2C0 + (2e+ r) f is ample, andlemma 1.4 together with Riemann-Roch theorem imply that
dim |2C0 + (2e + r) f | = N − 6,
while if r = 0 and e > 0 we can apply lemma 1.5 and obtain that
dim |2C0 + 2ef | ≤ N − 6.
Recalling that dim S∨2 = N − 4, we can collect these informations in thefollowing
Theorem 3.3. Let L = [2C0 + bf ] be a 2-jet spanned line bundle on Fe , with(b, e) �= (2, 0). Then
(a) if (Fe, L) �= (P1 × P1,OP1×P1 (2, 3)) and (F1, [2C0 + 4 f ]), Sing �∨1contains an irreducible open subset which is smooth of codimension onein �∨1 ;
(b) if (Fe, L) �= (P1 × P1,OP1×P1 (2, 3)), (P1 × P1,OP1×P1 (2, 4)), (F1, [2C0 +4 f ]) and (F1, [2C0 + 5 f ]), Sing S∨2 contains an irreducible open subsetwhich is smooth of codimension ≥ 4 in S∨2 . In particular, equality holds ifb > 2e + 2.
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